The D 4 R 4 and D 6 R 4 coefficient functions in the effective action of type II string theory compactified on T d contain terms of the form E 1 lng d and E 2 (lng d ) 2 in specific dimensions, where g d is the T-duality invariant string coupling, and E 1 and E 2 are U-duality invariant coefficient functions. We derive these non-analytic terms from nested ultraviolet divergences in two and three loop maximal supergravity. For the 
Introduction
Among the various terms in the effective action of maximally supersymmetric string theories, the BPS protected ones are amenable to a detailed analysis. In particular, among such terms the R 4 , D 4 R 4 and D 6 R 4 terms in the effective action of toroidally compactified type II string theory are BPS protected. These interactions which involve the four graviton amplitude at the linearized level, have been analyzed using various techniques including string perturbation theory, spacetime supersymmetry, U-duality and multiloop supergravity . In the Einstein frame, the moduli dependent coefficient functions of these interactions are U-duality invariant. Along with terms that are analytic in the Tduality invariant string coupling when expanded at weak coupling, these coefficient functions also include terms that are non-analytic in the string coupling in certain dimensions. For toroidal compactification on R 9−d,1 × T d , these contributions which are logarithmic in the string coupling for these BPS interactions, are argued to be given by [20, 23, 29] based on constraints due to U-duality and terms arising from the boundary of moduli space in string amplitudes. Here g d is the T-duality invariant dilaton defined as g denotes the number of non-compact R 9−d,1 dimensions. We have denoted the U-duality invariant coefficient functions of the R 4 , D 4 R 4 and D 6 R 4 terms as E R 4 , E D 4 R 4 and E D 6 R 4 respectively.
Our aim is to understand the origin of some of these terms from maximal supergravity. Very schematically, maximal supergravity has ultraviolet divergences involving ln(−S/Λ 2 ) for these BPS interactions, where Λ is the UV cutoff. Here S is a generic Mandelstam variable and we have been schematic about the precise spacetime structure of the logarithmic contribution. In the corresponding string amplitude which is ultraviolet finite, these show up as infrared divergences in the string frame involving ln(−µα ′ S) from the boundary of moduli space, where µ is a constant that can be calculated directly. On converting to the Einstein frame, this yields a local contribution of the form lng d coming from the dilaton dependence of S from the inverse metric on converting from the string frame to the Einstein frame. Naturally the scale of the logarithm is ambiguous, however the overall coefficient of the term is unambiguously defined. We choose a convention such that ln(−µα ′ S) contributes lng d to the local interaction upto an overall factor.
The various ultraviolet divergences in maximal supergravity which are power behaved in the ultraviolet cutoff Λ have been calculated using momentum cutoff and then regularized using symmetries of string theory to define the amplitudes in quantum supergravity (hence the answers are moduli dependent unlike ordinary supergravity, as it goes beyond dimensional reduction). However the logarithmic divergences are easier to calculate using dimensional regularization and isolating the contributions from the ǫ poles, which is going to be the technique we shall use.
The logarithmic divergences in supergravity for the R 4 , D 4 R 4 and D 6 R 4 terms in 8, 7 and 6 dimensions in (1.1) appear at one, two and three loops respectively as primitive divergences. This structure follows simply from power counting, and the moduli independent coefficients of these logarithms can indeed be calculated from supergravity loops directly. The divergence for the D 6 R 4 term in 8 dimensions arises from 1/ǫ and 1/ǫ 2 pole contributions at two loops, on including the one loop R 4 counterterm as well. The moduli dependent part involving E R 4 arises from a one loop subdivergence 2 . While there are several contributions in (1.1) which simply involve a numerical factor multiplying the logarithms as mentioned above, there are others where the logarithms are multiplied by U-duality invariant coefficient functions, which form the primary focus of our analysis. These include the contributions to the D 4 R 4 term in 6 dimensions, and to the D 6 R 4 term in 8, 5 and 4 dimensions. These divergences arise from nested one and two loop ultraviolet divergences in two and three loop maximal supergravity which we evaluate using dimensional regularization. This automatically fixes the structure of the moduli dependent U-duality invariant coefficient functions of these logarithms. In order to fix the precise normalization factors for these contributions, we have to know the exact relation between the ǫ pole in dimensional regularization and the coefficient of the logarithm. This relation is obtained at the required loop orders by directly evaluating logarithmically divergent appropriate field theory amplitudes. Now the expressions involving moduli dependent couplings of the logarithms in (1.1) have been argued on the basis of U-duality and the perturbative structure has also been obtained using the low momentum expansion of the four graviton amplitude at various genera. Our results precisely reproduce the terms in (1.1) except for an additional contribution to the non-analytic part of the D 6 R 4 amplitude given by
where E D 2 R 4 is the coefficient function of the D 2 R 4 amplitude. We argue based on our calculations that even though this amplitude vanishes on-shell, its coefficient function contributes to the D 6 R 4 amplitude. This provides a direct derivation of these non-analytic terms in the string coupling from supergravity amplitudes.
We begin with a discussion of the R 1) and (1.3) . Though we have focused on specific BPS amplitudes which are the simplest to analyze, the primary logic generalizes to other BPS amplitudes lying in the supermultiplets of the ones we have considered, and to their non-BPS counterparts as well.
2 The structure of four graviton loop amplitudes in maximal supergravity
The R 4 , D 4 R 4 and D 6 R 4 terms receive contributions upto one, two and three loops in supergravity respectively. Their contribution to the coefficient functions of these interactions in string theory are calculated by considering these terms in N = 1, d = 11 supergravity compactified on R 9−d,1 × T d+1 and using the duality between M theory on T d+1 and type II string theory on T d . This yields exact U-duality invariant answers only for d = 0, 1, as compactifications for larger d also include non-perturbative states which are not included in the supergravity approximation. Even then supergravity yields useful insight into the exact answer which will be useful for our purposes. This is because the exact answer E for any coefficient function is given by
where E sugra is the answer from supergravity. Thus in our analysis we shall obtain expressions involving E sugra which can then be completed to E in a U-duality invariant way, leading to the complete expression for the logarithmic divergences. Since we shall need explicit expressions for the R 4 , D 4 R 4 and D 6 R 4 amplitudes to calculate the various logarithmically divergent contributions in (1.1) and (1.3), we briefly discuss them below [2, 5, 9, 13, 21, [30] [31] [32] [33] [34] [35] .
In the various calculations that we perform, we often express the propagators in the Schwinger representation. Thus in a diagram involving n + 1 propagators, we introduce n + 1 Schwinger parameters σ i (i = 1, . . . , n + 1). Then the measure can be expressed as 5) where the new variables are σ defined by 6) and the n variables ω i defined by
Also we have defined
The various loop momenta are always Euclidean in our analysis.
In the various diagrams below, the external momenta k i (i = 1, 2, 3, 4) which satisfy k 
The graviton momenta are non-vanishing only in the non-compact dimensions while the loop momenta are non-vanishing in all dimensions.
The one loop four graviton amplitude
We first consider the four graviton amplitude at one loop, where we start with the expression for the amplitude in 11 dimensions, and then consider the expression in the compactified theory. In 11 uncompactified dimensions, the four graviton amplitude at one loop is given by A
where
and 2κ
, where l 11 is the 11 dimensional Planck length. This is depicted by figure 1. 
A
(
12) 3 We drop the subscript D in A
D for brevity, which shall be the practice henceforth.
, (2.13) on using the relation 1 κ
. (2.14)
In (2.13), m I (I = 1, . . . , d + 1) are integers from the KK momenta and we have defined
We now evaluate (2.13) by using the Schwinger representation of the propagators and performing the momentum integral. This gives us
I(S, T ) is defined for negative S and T to ensure convergence and then defined by analytic continuation elsewhere. The R 4 contribution is obtained by setting m I = 0 in (2.16), while the remaining contribution is given by
The m I = 0 term contributes in (2.18) to the non-local part of the action. These contributions which are moduli independent are not relevant for our purposes. They yield terms power behaved or logarithmic in the momenta depending on the spacetime dimensions, where the logarithmic terms can be separately calculated to give moduli independent contributions finally leading to terms involving only lng d in the Einstein frame. We shall neglect such contributions in our analysis. The remaining local contributions are given by
where we have excluded the term with m I = 0. The n = 1 term in the sum vanishes using S + T + U = 0, however we have kept it as it shall be useful for our purposes. Thus the R 4 term is given by 
where we have defined
Now let us consider the n = 1 term in (2.19) which gives us
We stress that since we are calculating S-matrix elements this vanishes, but we shall see later that the moduli dependent coefficient in (2.23) given by
arises as the coefficient function of a logarithmically divergent term that contributes to the D 6 R 4 amplitude. Hence we simply define this contribution to be coming from the one loop
The two loop four graviton amplitude
For the two and three loop amplitudes, we directly write down the expression for the four graviton amplitude in the theory compactified on On compactifying on R 9−d,1 × T d+1 the four graviton amplitude at two loops is given by 25) where the planar contribution is given by 26) while the non-planar contribution is given by
as depicted by figure 2, where the momenta denote the 11 dimensional loop momenta p M , q M which are then split into the non-compact momenta p µ , q µ and the KK momenta denoted by the integers m I , n I respectively. We shall also denote the loop momenta in the three loop diagrams in the same way later on. Now for the D 4 R 4 amplitude, from (2.26) we have that
on introducing Schwinger parameters and performing the momentum integrals, and similarly
from (2.27), where
Thus adding these contributions, we have that
Expanding to the next order in the low momentum expansion, we get that
Thus adding (2.21) and (2.31) we see that the D 4 R 4 amplitude is given by
which receives no more contributions beyond two loops.
2.3
The three loop four graviton amplitude Now let us consider the four graviton amplitude at three loops. There are nine loop diagrams given by figures 3 and 4, which have been obtained using unitarity cut techniques. The structure of the amplitude is more involved compared to the one and two loop amplitudes. Unlike the lower loop amplitudes which have only one underlying skeleton diagram, the three loop amplitude has two underlying skeleton diagrams-the ladder and Mercedes skeleton diagrams.
Of these diagrams, the diagrams a, b and d are obtained from the ladder skeleton diagram, while the rest are obtained from the Mercedes skeleton diagram. While the integrands for the loop diagrams a, b, c and d have numerator 1, the numerators in the integrands for the other loop diagrams have non-trivial dependence on the loop momenta as well as on the external momenta, which are given below. Hence unlike the lower loop amplitudes, the three loop amplitude is not simply given by massless ϕ 3 scalar field theory. The three loop amplitude is given by
where S 3 represents the 6 independent permutations of the external legs marked {1, 2, 3} keeping the external leg {4} fixed. Now the numerators N (x) for the various integrands in the loop diagrams are given by [35] 
,
The momenta l i are denoted in figure 4 . Thus on compactifying on
where the denominator D (x) is simply given by the product of massless propagators as in the one and two loop cases depending on the momentum labels in x.
Thus for the D 6 R 4 amplitude, only the diagrams e, f, g, h and i contribute leading to
In (2.38), the measure factor is given by
while the factor obtained by integrating over the loop momenta is given by
Finally the lattice factor is given by 
Logarithmically divergent contributions: preliminaries
Before proceeding with the detailed calculations, let us consider some simple cases and some generalities to understand the primary logic. Consider the one loop R 4 amplitude which involves the integral (see appendix A)
Let us focus on the ultraviolet nature of the various integrals, which is our primary focus. The first expression in (3.42) has a logarithmic ultraviolet divergence in 8 dimensions. The KK modes are irrelevant for these large values of loop momenta. In fact, the amplitude in supergravity (which is moduli independent) is obtained by setting the KK momenta to zero, which has the UV structure as mentioned above, which is nothing but the process of dimensional reduction. This is the kind of divergence we are interested in, which we shall refer to as the field theory divergence, which has no moduli dependence. The second expression in (3.42) is in the Schwinger representation, where the UV divergence arises from σ → 0. Of course, the divergence is logarithmic in 8 dimensions arising from the
integral, which reproduces the field theory result. Again the KK modes play no role in the analysis. We shall find the Schwinger representation of the amplitude most useful in our analysis as this involves manipulating lesser number of terms than using the Feynman propagators to do the integrals. This is because when we expand the integrals using Feynman propagators at various orders in the momentum expansion, there are many terms whereas all these are obtained from simply expanding the exponential in the Schwinger representation to the required order in the momentum expansion. The third expression in (3.42) is obtained by Poisson resumming the second expression, which has a leading UV divergence asσ → ∞. This is contained in the sector when allm I = 0, and is of the form Λ 3 which is the primitive UV divergence of the 11 dimensional theory. This is not the field theory divergence of the compactified theory as Poisson resummation which transforms from the KK mode basis to the winding mode basis essentially reorganizes the divergence and the zero winding sector reproduces the UV structure of the parent theory, independent of the details of the compactification. These arguments are true in general. Thus we shall refer to the logarithmic UV divergence as a field theory logarithmic divergence which arises from simply setting the KK modes to zero in specific dimensions. This is the general structure we shall follow in our analysis. In order to isolate the moduli independent field theory logarithmic divergence from certain loops we shall simply set the KK momenta to zero for the corresponding loop integrals and obtain the divergent contribution on integrating over the loop momenta. The KK modes for the remaining loops in the amplitude will be summed over all integers. On integrating over these loop momenta, this leads to moduli dependent coefficient functions which in the complete amplitude, multiply the field theory logarithmic divergences obtained from the other loops. The moduli dependent part will produce SL(d + 1, Z) invariant modular forms for compactifications on T d+15 . This is where the structure crucially differs from ordinary supergravity amplitudes, where the KK momenta are all set to zero and hence all divergences are moduli independent. On the other hand, our calculations will produce moduli independent divergences from some loops like in ordinary supergravity, but with moduli dependent coefficient functions resulting from the infinite sum over all KK momenta in the other loops. This partially captures the stringy nature of the amplitude.
To illustrate this point we now consider the systematics of a simple two loop amplitude, which we shall later generalize. To be specific, consider the planar diagram contribution to the two loop D 4 R 4 amplitude which involves the integral 44) as depicted by the diagram on the left in figure 2. There is a one loop field theory nested logarithmic UV divergence associated with this integral. To obtain this, we first set n I = 0 so that the q momentum loop integral is dimensionally reduced. Next we perform a simple binomial expansion for the propagator involving (p + q) 2 + m 2 leading to
Thus from the structure of the propagators that result from this expansion we see that every individual term can be expressed as a product of one loop integrals. Let us consider the contribution coming from the first term in (3.45). The integral (3.44) factorizes into the moduli independent q loop integral, and the moduli dependent p loop integral, and is given by
which has a logarithmic UV divergence in 6 dimensions, with a moduli dependent coefficient function involving the one loop R 4 amplitude 6 . One can now keep more terms in (3.45) and generalize the analysis. Note that effectively this amounts to taking |p| >> |q|, in which to leading order
which reproduces what we have above, while keeping the other terms in (3.45) amounts to a perturbative expansion in large |p|. Hence we shall simply refer to this as the large |p| expansion, keeping in mind that the loop momenta have to be integrated over all values at the end. Now let us consider (3.46) in some detail. Expressed in terms of Schwinger parameters, we have that
There is an identical contribution from the p loop integral when m I = 0 and we keep the term 1/(q 2 +n 2 ) in the binomial expansion for 1/((p + q) 2 + n 2 ), and hence the total contribution is twice the expression in (3.46). Here σ, λ, ρ are the Schwinger parameters corresponding to the loop momenta p µ , q µ , (p+q) µ as well as the KK momenta m I , n I , (m + n) I respectively. Now let us consider the leading contribution in the limit discussed above. First setting n I = 0 gives us
In the large |p| expansion, it is easy to check by directly performing the Gaussian integrals in |p| and |q| that the λ(σ +ρ) contribution dominates over the σρ contribution in λ(σ +ρ)+ρσ in this limit. Hence we obtain a perturbative expansion in the dimensionless parameter σρ/λ(σ + ρ) in this regime of the loop momenta. We simply refer to it as the large λ expansion (alternatively this is the small σ, ρ expansion) 7 . Thus from (3.50) the leading contribution is given by
Now we define
Then we have that
and hence (3.51) is exactly equal to I in (3.48). Thus we have isolated a particular logarithmic divergence in the Schwinger representation and related it to the same divergence obtained using Feynman propagators. This is the procedure we shall generally follow in our analysis.
Hence we see the origin of such logarithmically divergent terms in these simple examples, which generalizes to the cases we are interested in. Now we generalize the analysis for the complete amplitudes given the explicit expressions for the supergravity amplitudes. We perform the analysis in the Schwinger representation of the amplitudes as this considerably simplifies our calculations.
Logarithmically divergent contributions: the detailed analysis
We consider toroidal compactifications to D dimensions where 3 ≤ D ≤ 10. In fact, since we are looking at S-matrix elements the four graviton amplitude trivially vanishes for D = 3 as the R 4 term only involves the Weyl tensor. Hence we focus only on 4 ≤ D ≤ 10. We are only interested in the contributions to the R 4 , D 4 R 4 and D 6 R 4 amplitudes where the logarithmic UV divergence has moduli dependent coefficient functions. Hence we need to consider contributions from two and three loops only. To obtain the logarithmic contributions, we set n I = 0 and perform the large λ expansion. There is an overall factor of 3 from the possibility of choosing the 3 Schwinger parameters, alternatively the 3 links of the two loop skeleton diagram. Thus, we have that
The contributions from two loops
In the first line we have performed the large λ expansion, where we have kept the first two terms only. In the second line we have used (3.52) to simplify these two contributions. The first term yields a logarithmic divergence in 6 dimensions, with the coefficient involving the one loop R 4 amplitude. The second yields the same in 4 dimensions (thus d = 6), with a coefficient proportional to the one loop D 2 R 4 amplitude which vanishes onshell. However, the overall coefficient is proportional to d − 6 and hence vanishes. The terms of O(1/λ 2 )
which we have ignored in the first line do not produce any more logarithmic divergences for 4 ≤ D ≤ 10. Hence the total logarithmic divergence is given by
Next we consider the contribution to the two loop D 6 R 4 amplitude in (2.32). Proceeding as above, the relevant terms are given by
57) where
The three terms in (4.57) have logarithmic divergences in 8, 6 and 4 dimensions respectively, while the terms we have ignored in (4.57) do not yield any more such divergences for 4 ≤ D ≤ 10. Thus these contributions are given by
We now use (3.52) to simplify the σ, ρ integrals. The second term in (4.59) yields a contribution proportional to the one loop D 2 R 4 amplitude. However the ω integral yields
and hence this contribution vanishes. Thus we get that
Note that the moduli dependent contributions involve the one loop R 4 and D 4 R 4 amplitudes in 8 and 4 dimensions respectively 8 . 8 We have restricted the sum to m I = 0 in the second term to obtain the D 4 R 4 one loop amplitude as explained before.
The contributions from three loops
We now consider the contribution from the three loop D 6 R 4 amplitude in (2.38). The parametrization of the Mercedes skeleton diagram is given in figure 6 depicting Schwinger parameters corresponding to KK momenta, hence the lattice sum is given by (2.41). This has the structure of a tetrahedron, with 6 edges and 4 faces. First we consider the one loop logarithmic field theory divergences. To do so, we set l I = 0 in (2.38), and make a large ν expansion in ∆ 3 (σ, λ, µ, ρ, ν, θ). There are 6 such contributions coming from the 6 choices of the Schwinger parameters, alternatively from the 6 edges of the tetrahedron. This gives us
The structure of the resulting two loop diagram characterized by the Schwinger parameters µ, λ, ρ, σ, θ is depicted in figure 7 . This allows for a clear interpretation of the integrand in (4.62) diagrammatically. The terms we have ignored in (4.62) do not yield logarithmic terms in 4 ≤ D ≤ 10. The first term in (4.62) yields a logarithmic divergence in 4 dimensions, given by
To simplify (4.63), we define 
2 ) .
(4.66) Thus the moduli dependent contribution involves the two loop D
4 R 4 amplitude. Now let us consider the two loop logarithmic field theory divergences. To do so, we set m I = n I = 0 in (2.41), and make a large µ, ρ, θ expansion in ∆ 3 (σ, λ, µ, ρ, ν, θ). The remaining Schwinger parameters in the Mercedes skeleton are λ, σ, ν which we refer to as dual Schwinger parameters, which parametrizes a face of the tetrahedron in figure 6 . Thus there are 4 such contributions coming from the 4 choices of dual Schwinger parameters (λ, σ, ν), (λ, ρ, µ), (ρ, σ, θ), (µ, ν, θ), alternatively from the 4 faces of the tetrahedron. Thus we get that
where the contributions beyond the first two terms can be ignored as they do not contribute logarithmic divergences for 4 ≤ D ≤ 10. For the last term we have taken µ, ρ, θ to be large and of the same order for the estimate (thus the second term is O(1/µ)). Let us focus on the first term in (4.67) which yields a logarithmic divergence in 5 dimensions given by
(4.68)
the moduli dependent integral can be simplified, and (4.68) gives
Thus the moduli dependent term involves the one loop R 4 amplitude. Next consider the second term in (4.67) which yields a logarithmic divergence in 4 dimensions. Using (4.69), we simplify the moduli dependent term to get
(4.72)
The moduli independent term also simplifies as it is a total derivative giving us
Thus the moduli dependent part involves the coefficient function of the one loop D 2 R 4 amplitude 9 . Unlike the earlier cases where this contribution vanishes, the coefficient of this contribution is non-vanishing.
Note that expressing the various amplitudes in the Schwinger representation simplifies calculations considerably. The various loop diagrams add up to give simple expressions which can them be manipulated to give the divergent contributions.
The logarithmically divergent contributions
Thus we have obtained the complete expression for the logarithmic ultraviolet divergences to the D 4 R 4 and D 6 R 4 amplitudes which are non-vanishing only in certain specific dimensions. The moduli dependent coefficient functions that multiply these logarithms are 9 We have restricted to the l I = 0 sum to relate to the one loop D 2 R 4 amplitude.
also completely determined by the structure of the multiloop supergravity amplitudes, and involve the R 4 , D 2 R 4 and D 4 R 4 amplitudes. We would now like to analyze these logarithmic UV divergences using dimensional regularization. Hence we express the various integrals over Schwinger parameters in terms of momentum integrals which we then evaluate using dimensional regularization and isolate the pole terms in ǫ. To do so, we use the identities
which relate the expressions involving Schwinger parameters to ones involving momentum integrals. These equalities simply follow by expressing the propagators in the momentum integrals in terms of Schwinger parameters and performing the momentum integrals. Thus this includes both one and two loop momentum integrals. Now we evaluate the various momentum integrals in appropriate dimensions to obtain the simple poles in ǫ. For the one loop integrals we have that
For the two loop integral, we introduce Feynman parameters and perform the momentum integral. This gives us that
(4.77) Once again we only need to isolate the pole term to obtain the logarithmic divergence. Setting 2ǫ = 5 − D and keeping only the pole term, we have that It also has a logarithmic divergence in 4 dimensions, with the coefficient involving the D 4 R 4 amplitude. All these divergences have a simple pole in ǫ. In addition to these, the D 6 R 4 amplitude also has another logarithmic divergence in 4 dimensions, with the coefficient involving the D 2 R 4 amplitude, which is a double pole in ǫ.
We would now like to express the four graviton amplitude in terms of E sugra R 4
, E sugra D 4 R 4 and E sugra D 6 R 4 such that comparing with (4.79) yields the required logarithmic divergences. In order to do so, we use the expression for A R 4 in (A.104) which leads to the term in the effective action
µν is the M theory metric. Note that this leads to the genus one contribution 4ζ(2) in 10 dimensions which is indeed the correctly normalized expression for the genus one amplitude. Now we would like to express (4.80) in terms of string theory variables. This is simply given by
in the string frame which we convert to the Einstein frame using whereĝ µν is the Einstein frame metric. This leads to the term in the effective action given by
in the Einstein frame where
where l D is the D dimensional Planck length defined by
Thus we get that
on using 2κ
Thus defining the four graviton amplitude
we have that
on pulling out a common factor from the entire amplitude. Note for example, that S = −g µν (k 1 +k 2 ) µ (k 1 +k 2 ) ν is the Mandelstam variable in the string frame, whileŜ = −ĝ
which involves the Einstein frame metric.
As an elementary consistency check note that in 10 dimensions, the contributions from the genus zero amplitudes in E ). Though we can convert everything to the Einstein frame, this is not necessary as our sole intention is to match these with (4.79).
12 Thus the total logarithmic divergence is given by A log in (4.79).
which is precisely what is given by superstring perturbation theory (the overall remaining factor of g −1/2 appears as an overall coefficient from the other factors in defining the string amplitudes).
Thus from (2.20) and (4.89) we have that
and from (2.33) and (4.89) we have that
Now following (4.89) we define 
Finally comparing between (4.89) and (4.96), we get the required logarithmic divergences with moduli dependent coefficients given by
where we have sent E sugra → E which is the U-duality completion. Note that E sugra involves only finite expressions obtained after regularization. Hence the various amplitudes are defined along with the counterterm vertices if there are divergences (see for example the details of the regularization in appendix A).
To obtain the expressions involving lng d we use the expressions derived in appendix B. All the simple poles in ǫ in (4.97) apart from the one involving δ D,5 E R 4 arise from one loop divergences where we use (B.134), while the one involving δ D,5 E R 4 arises from a two loop divergence where we use (B.140). The 1/ǫ 2 term arises from a two loop divergence, however the integral factorizes into the product of one loop integrals given in (4.74), and hence we use (B.134) for each of these factors. This leads to in (4.98), the other terms agree precisely with those given in (1.1). This extra contribution involves the coefficient function of an amplitude that is vanishing on-shell. Hence perturbative string amplitude calculations where such infrared divergent terms arise from the boundary of moduli space will not detect such terms. On the other hand the U-duality invariant equation for the D 6 R 4 coupling must include the contribution coming from this term, or else unitarity will be violated. In fact, the presence of coefficient functions of onshell vanishing amplitudes as source terms for Poisson equations satisfied by the U-duality invariant couplings have been considered in [13, 14, 36, 37] in the context of theories with maximal supersymmetry.
Thus we see that the various logarithmically divergent contributions to these BPS interactions with moduli dependent coefficient functions that arise in specific dimensions can be determined directly from the detailed structure of multiloop amplitudes in supergravity. Of course, these coefficient functions have to be determined as a separate exercise.
Though our analysis has focused on the case of BPS amplitudes for simplicity, it can be generalized to some extent for non-BPS amplitudes that arise at higher orders in the derivative expansion of the effective action as well. This is facilitated by the known structure of the four graviton amplitude upto four loops [38] 13 . Even though these amplitudes are expected to receive contributions from all loops in supergravity, the presence of some of these logarithmically divergent contributions can be detected from loops at low orders in the supergravity expansion. Apart from the supergravity amplitudes, the structure of perturbative genus one string amplitudes resulting from the boundary of moduli space also point to the existence of such contributions to the non-BPS interactions [41] 14 . It would be interesting to understand such non-analytic terms in the effective action with duality invariant coefficients in theories with lesser supersymmetry.
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A The
where we have used the relation
obtained by Poisson resummation, and definedσ = σ −1 . The ultraviolet divergence has been cutoff atσ = Λ 2 . Thus we have that
where we have defined the Eisenstein (or Epstein) series for SL(d + 1, Z) as
where the sum excludes the contribution where alll I = 0. Also note that A one loop counterterm is added to (A.101) which cancels the Λ 3 divergence, and the total finite contribution is given by [5] 16
15 This is commonly referred to as E
, where the subscripts refer to the d Dynkin labels [43, 44] . See [16] for example, for a review. 16 In 8 dimensions, there is an additional lnΛ divergence which is removed by properly defining E
. This is also true for the D 4 Rwhich we take to be the definition of the amplitude in quantum supergravity. This is one loop exact. The D 2 R 4 term is given by
At one loop for the D 4 R 4 term we have that
Note that in both (A.105) and (A.106) the sum in the first line excludes the contribution with all m I = 0, while the sum in the second line excludes the contribution with allm I = 0. The m I = 0 term diverges as σ → ∞ which is an IR divergence. Them I = 0 diverges aŝ σ → 0 which is again an IR divergence. They add up with other such terms to lead to non-local terms in the effective action. Hence the equality between the first two lines is this sense.
We now consider the D 4 R 4 amplitude at two loops. We have that
We have also Poisson resummed using the relation
(A.110)
To evaluate (A.107), we further define [5] 
where d 2 τ = dτ 1 dτ 2 and F 2 is the fundamental domain of SL(2, Z) defined by
Thus V 2 and τ parametrize the volume and complex structure of an auxiliary T 2 . This integral which receives contributions from the various orbits of SL(2, Z) [45] have ultraviolet divergences that arise from the boundaries of moduli space. This gives us
where a is an undetermined constant. The first term in (A.114) arising from V 2 → ∞ receives a contribution from the zero orbit of SL(2, Z)), which yields the primitive two loop divergence of the 11 dimensional theory. This is regularized by a two loop counterterm leaving no finite remainder. The second term in (A.114) comes from τ 2 → ∞ which receives contribution from the degenerate orbit of SL(2, Z). To evaluate this, we consider
where not allm I ,n I can be zero. To isolate the contribution from τ 2 → ∞, we use the relation
Also the SL(2, Z) invariant Laplacian is given by
while the SL(d, Z) invariant Laplacian is given by [46] 
We make use of the relation
This leads to the differential equation
, (A.122) which has the solution
(A.123) on using
Thus this contribution yields a subdivergence which is cancelled by the one loop counterterm leaving a finite remainder. Finally the last term in (A.114) is a finite contribution arising from the non-degenerate orbit of SL(2, Z). We obtain the result by first performing the τ 1 integral, and then performing the remaining ones by defining on using (4.82). In the first step, we have the UV divergent expression in supergravity in the string frame metric (recall that the M theory metric for the non-compact dimensions is the same as the string frame metric) where S is a generic Mandelstam variable. This then determines the structure of the IR divergent term in the string calculation, which then converted to the Einstein frame gives the required logarithmic term. Thus the answer is obtained by a scaling argument and does not involve the details of the explicit momentum dependence. Thus at one loop we make the replacement
Next we consider the two loop integral We can compare the expressions obtained using dimensional regularization and momentum cutoff. Both methods produce the same final expression apart from a factor of lnΛ 2 in momentum cutoff, and a factor of Γ(n − LD/2) = 1/Lǫ in dimensional regularization. This leads to the replacement 1 ǫ
at L loops. The expressions (B.134) and (B.140) are crucial in order to obtain (4.98). Let us also make some further consistency checks to obtain the moduli independent logarithms for E . These terms that arise from primitive divergences in multiloop supergravity have also been considered in [29] .
